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Squaring Rectangles and Squares
A Historical Review with Annotated Bibliography

P.J. FEDERICO

The subject of this historical note is the dissection of rectangles and
squares into uncqual squares, with ancillary material. The treatment is first
a brief general historical review, followed and supplemented by an annotated
bibliography. Some terminology customarily used in this field is imitilly sct
down.

A rectangle (squarc) dissected into squares is called a squared rectangle
(square). The component squares are the elements and the number of clements
is the arder. The dissection is perfect if no two elements are equal, otherwise
it is imperfecs. The dissection is simple if it does not contain any subset of
clements (more than one and less than all) arranged in a rectangle (square),
otherwise it is compound. Note that reference to a simple or compound
squared rectangle docs not imply that it is necessarily perfect. Figures 3 and
5-9 illustrate some compound perfect squares and Fig. 10 a simple perfect
square: these will be referrad 1o later.

The first explicit mention of division into unequal squares that has been
found was in 1925. Prior to this time Dehn had published, in 1903, a study of
the division of a rectangle into rectangles [ 1] The treatment is analytical with
the only noteworthy result, for which the paper has been frequently cited,
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that a rectangle cannot be divided into squares unless its sides arc com-
mensurate. There is no mention of division into unequal squares. Perhaps
the puzzlists Sam Loyd and IL E. Dudeney thought of dividing a square
into unequal squares. Both, between 1903 and 1925, presented the patchwork
quilt puzzle, the solution of which required the division of a square into
squares, not all unequal [2, 3, 53] Dudeney also presented a puzzle of
dividing a given square into uncqual squares and one (given) rectangle [4].

The first cxamples of rectangles divided into unequal squares were given
by Moron in 1925 [5]. He first states that §. Ruziewicz had proposed the
problem, “Can onc assemble a rectangle from different squares?” (No
publication of this question has been located.) The two examples “of ree-
tangles which may be made up of different squares”™ are given, without
indicating how they were obtained, 10 answer this question in the affirmative.
Moroii's figures are reproduced here in Fig. 1, numbered 1 and 11 for later
reference. Rectangle ©is 33 x 32 in size and is divided into nine unequal
squares; rectangle 11 s 65 x 47 and has ten squares. Moro's figures iniro-
duce two conventions which have been followed: expressing the sides of the
component squares in integers without any common divisor (unless some
reason requires otherwise), and writing the length of the side of a squarc
mside the square.

Other perfect squared rectangles can be formed from a given one by
adding a square of the same length of side to either side, and continuing
this process alternately. Moron gives a general formula for the ratio of sides
of the rectangles in this infinite series of trivially compounded squared
rectangles [this ratio, incidentally, approaches t {sometimes also called @),
the golden ratio, as a limit].
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Figure 1 Moron's iwo rectangles.
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Moroi raises the question * For what rectangles is it possible to dissect
them into squares?™ e then observes “if there exists a rectangle (of different
sides) for which there are two dissections R, and R, such that (1) in neither of
these dissections does there appear a square equal to the smaller side of the
rectangle and (2) each square of dissection R is different from each square in
dissection R, then the square is dissected into squares, all different, as shown
in the following figure.” Moron's figurc is reproduced here as Fig. 2. Either or
both K, and R, could be compound, subject to Morof's first condition.

Rorktod

Iwde
Ry

Figore 2 Moron's figure,

Moron’s paper was practically unknown for some time. In 1935 the
problem “Can a rectangle be divided into different squares?”™ appeared in a
German journal. The answer, published in 1937, called attention to Moroni's
paper and gave his two figures [ 10]. Steinhaus cites Moroi in the first edition
(1938) of his Mathematical Snapshots [12]. In the meantime Kraitchik (1930)
published the proposition, communicated to him by the Russian mathemati-
cian N. N. Lusin, that it was nol possible to divide a square into a finite
number of different squares [6]. A Japanese mathematician, M. Abe, was
active in 1931-1932. His first paper, described under [8], was in Japanese and
was unknown to other workers in the field until just a few years ago. His
second paper [9] was in English and was known. It gives a simple perfect
squared rectangle 195 x 191 and shows how an infinite scries of compound
squared rectangles can be built up from it with the rutio ol sides approaching
one in the imit.

Activity in Germany in 1937-1939 is shown by some problems [11, 19],a
thesis [ 14], and three papers by Sprague. Spraguc produced a perfect squarcd
square, published in 1939 [15], the first one published. The square is made up
by first forming two compound perfect squared rectangles with the same sides
and then joining them as shown in Fig. 2. The structure of the square is
shown in Fig. 3. Rectangles 1 and Il are Morofi's two simple perfect rectangles;
these are combined with an added 33 square and enlarged 29 times as shown
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Figure 3 Structure of Sprague’s square,

at the upper lelt. The same combination, magnificd 13 times, is used again in
the lower right. Rectangle 111 is a simple perfect rectangle of order 12 and
sides 377 x 256 (number 633-b in [25] and 633-2 m [38]). The resultant
compound perfect square has 55 clements and its side 1s 4205, Sprague had
constructed a number of simple perfect rectangles in addition to the few
already known (this fact i1s referred 1o in [ 14] and [48]) and the ingenuity of
the construction of the square suggests numerous trials.

Additional results of the German activity are in Sprague |17, 18] and
Reichardt and Toepken [19] and are commented on in the notes,

During the years 1936- 1938, four students at Trinity College, Cambridge
{R. L. Brooks, C. A. B. Smith, A. IL. Stone, and W. T. Tutte) were working
on the problem. The resulting paper [21] 15 a classic. A highly interesting

account of their research, by Tutte, appeared in 1958 [36]. This account

should be read not only by those having some intercsi in the present problem
but also for its own sake, as an adventure in mathematics.

At first the group constructed simple squarced rectangles empinically | 36].
How this was donc is as follows. Draw a rough sketeh of a rectangle divided
into rectangles, subject only to the condition that no two of these rectangles
have an entire side in common with each other. and then imagine that cuch
of the rectangular clements 15 a square. The geomelry of the higure and

SOUARING RECTANGLES AND SOUARES 177

clementary algebra enable the relative sizes of the assumed squares 1o be
caleulated. The result is a squared rectangle, perfect if none of the elements
come oul zero. This first stage was replaced by a theoretical treatment
inspired by a wholly novel idea, which was the key to the topological aspects
of the problem.

Only the highlights of the resultant paper [21] can be noted. The busic
concept is the equating of a simple squared rectangle to an electrical network
of a particular type. This is illustrated in Fig 4. The squared rectangle on the
left (1) is represented by the network on the right (2). Each horizontal line
segment of (1) is represented by a node and each square is represented by a
branch connecting the two nodes of the top and bottom lines of the square.
The nodes a and b are the poles of the network and the resistance of each
branch is unity. Ignoning the figures written in (2), if an unknown current is
assumed entering at aand leaving at b, the KirchhofTlaws provide just enough
equations to calculate the current in each branch in terms of the unknown
current, the value of which is then waken so as 1w make the currents all
integers without any common factor. These are the numbers written in (2),
which are the sides of the component squares of (1). Thus electrical theory is
brought into the picture and utilized, and graph theory as well, and the paper
makes contributions to each.

The network of Fig. 4(2) was called a p-net (from polar net). 17 the two
nodes a and b are connected by a new branch (in which the battery is located)
the net is completed and was called a e-net. The ¢-nets are a special type of
graph; they are all 3-connected planar graphs. The basic theorem demon-
strated in the paper is that every simple rectangle can be derived from a
c-net (3-connceted planar graph) in the manner desenbed. If the c-net has
n edges, n p-nets are produced by removing cach edge in turn, and hence »
squared rectangles of order n — 1. The dual of a c-net results in the same
rectangles, rotated 907, and their p-nets are corresponding polar duals. The

(}1] 2y
Figure 4 Squured reclanghe and penet.
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process can also be thought of as placing a battery in turn in each edge of the
c-net and calculating the relative values of the currents in the other edges,
assumed to have unit resistance. Not every squared reclangle produced in this
manner will be perfect (if the ¢-net has a symmetry, some rectangles might be
imperfect with some of these still simple and others not), but every simple
perfect rectangle of order n — 1 1s produced from the complete set of c-ncts
of order n. The authors produced all the simple perfect rectangles from
orders 9 1o 12 (they showed that there are none below 9) but gave a full
description of only those of orders 9 and 10. The ¢-nets 1o order 13 had to be
first constructed, of course,

One reason for constructing simple perfect rectangles was that one with
equal sides might be encountered, thus being a perfect square. This did not
happen. A theorctical method of constructing perfect squares, based on
certain types of 3-pole networks which are to be combined, was developed
and perfect squares produced. Five are mentioned (four compound and one
simple) but only one, the lowest order obtained, is shown. The square Is
shown here in Fig. 5. Two others were described before paper [21] appeared.
one in [16, 20], shown in Fig. 6, and the other in | 20].

The treatment in the paper is graph theoretical and uulizes electrical
theary as well. With respect to the latler, a proposition now known as the

= ——

209 208 - 194

Figure §  Perfect square shown in [21].
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Figare 6 Porfect squure |16, 20

matnx tree theorem appears for the first ime (it was subsequently indepen-
dently discovered by others, at least three times). Though lutent in known
electrical and matrix theory, it had not previously been made explicit and
expressed, perhaps because a use for it had not yet appeared. The theorem
cxpresscs a certain square matrix. the first cofactors of which are equal in
value and give the number of spanning trees of the connected graph from
which the matrix is formed. This number, called the complexity of the graph
in [21], plays a role in the theory of squared rectangles, If the incoming cur-
rent in a p-net is taken as equal to the complexity (number of spanning trees)
of the p-net, the values of all the currents in the wires work out as integers; the
horizontal side of the resultant squared rectangle is equal to this complexity,
and the semi-perimeter is equal to the complexity of the ¢-net from which the
p-net was derived. If the clements as thus calculated have a common fuctor
they and the rectangic are “reduced ™ by this factor. In the case of a squared
square the complexity of its p-net is equal to kn®, where n 1s the reduced side
of the square.

The concluding section of the paper mentions a number of generalizations
inciuding rectangled rectangles and the dissection of polygons (of angles /2
and 3z72) and cylinders. A 3-pole p-net would give a squared hexagon. For
rectangulations the wires of the p-net have general resistunces, not necessarily
equal. Curiously, a professor of electrical engincering some time ago wrole
several papers in which some electrical network problems were solved by
translating the network into a rectangled rectangle (or polygon) and then
treating the latter.
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The first perfect square published, Sprague’s square, appeared only a
few months before the one in [16], and two incidental results in [21 ] were also
anticipated in publication, in [17-19].

Smith and Tutte continued developing the theory of the nets producing
squared rectangles, particularly the nets from which squared squares could
be constructed [31]. In a companion paper [32] Tutte further developed the
theory of constructing perfeet squares and described a number of additional
examples, including several simple squares.

C. 1. Bouwkamp in Holland worked on the problem of squaring rec-
tangles in 1945 1946, His paper, in three parts [25], presented the method of
[21] deseribed in a more physical manner and developed various properties
of the nets. The c-nets with up to 14 edges were constructed and shown by
drawings of each. All the simple squared rectangles of orders 9 to 13 were
constructed and Part 11 of the paper lists them and their clements. A code
was developed for describing a squaring by listing the elements (here
referring to the lengths of the sides of the component squares) in a certain
order: the Bouwkamp code is commonly used. This work reached the practi-
cal limit of what could be done by hand. Resumption by computer came later.

In 1948, T. H. Willcocks, an employee of the Bank of England at Bristol, a
chess enthusiast, and an amateur mathematician, produced the lowest order
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Figure 7 Lowest order compound perfect sguare known (24-175),
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square known until 1978, shown in Fig. 7. He knew of the Brooks, Smith,
Stone, and Tutte paper [ 21 ] but not the Bouwkamp paper [25]. Without the
benefit of a catalogue of squared rectangles, he constructed his own stock
and produced a number of compound perfect squares of low order. These he
published in The Fairy Chess Review, a small periodical (now extinct)
devoted to chess and other problems and puzzies [29]. His methods were
based on the following. Referning to Fig. 2,16 the corner square of R, which
touches R, is removed and R, pushed in so that a corner fills the resultant
space, another squared square can be produced which would be perfect if the
smaller added square i1s not duplicated. This method is desenibed [21] for a
special case and the production of a perfect square of order 39 noted. Will-
cocks introduced two vanations. First, he used a compound perfect ree-
tangle, as shown in Fig. 8. Note that the two basic simple rectangles used are
the same as those i Fig. 3 (in fact Fig. 8 can be made by cutting up Figure 3
1o show this), and that three more perfect squares can be produced from them,
The other vanation was the utilization of imperfect squared rectangles.
Since a corner clement is 1o be discarded, this element could be the same size
as some other element of the rectangle. Willcocks accordingly constructed a
stock of squared rectangles with a corner element and an adjacent element
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Figure 8 Another Willoocks perfect square
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the same size. This led to the order 24 perfect square [29]. If the squared
rectangle and the clements 81 and 64 in Fig. 7 are removed it will be seen that
the vacant corner of what is left can be filled with a square of side 30, forming
the imperfect squared rectangle with two equal adjacent elements, A paper of
1950 [33] describes the above methods and various other methods utilized
by Willcocks, as well as additional perfect squares he had constructed.

The Willcocks perfect square of order 24 was the lowest order perfect
squared square known. Despitc many attempts, a perfect square of lower
order was not found until 1978, not even another one of order 24, Tutle has
said “1f the merit of a perfect square is measured by the smallness of its order,
then the empirical method of cataloging the perfect rectangles had proven
superior 1o our beautiful theoretical method ™ [36]. Ttis stll the lowest order
compound perfect square known.

In 1960 the Duich group, Bouwkamp, Duijvestijn. and Medema. pro-
duced by computer and listed all the c-nets with up to 19 edges and all the
simple squared rectangles with up to 15 clements. The former list, a few
copies of which had been distributed, subsequently became generally avail-
able [ 39, 62]. Two catalogues of squared rectangles were published [ 37, 38],
the later one cvidently superseding the carlier one, The cutalogue [38] hists
the perfect squared rectangles (3663 in number) in two tables, one according
to the c-nets from which they are derived and one according o the non-
decreasing ratio of the short 1o the long side of the rectangle. The simple
imperfect rectangles (431 in number) are also listed and the catalogue in-
cludes several other tables,

A deterrent 1o initiating computer work was the absence of 4 method of
constructing all the c-nets with a given number of edges with certainty that
there were no omissions. This problem was solved by a graph theory theorem
of Tutte which he communicated 1o Bouwkamp before publication of a
paper including it [42]. This theorem as used in the computer work depends
upon the operation of forming a c-net with n + 1 edges from onc with n
edges by adding a new edge connecling 1wo nonadjacent vertices of a mesh
(face). Given the complele set of c-nets of order . this operation is performed
on each face (not applicable 1o a triangular face) of each c-net in all possible
ways. The result is a collection of n + 1 order c-nets which includes every
c-net of order # + 1 or its dual {with one exception); there will be a con-
siderable amount of duplication. The graph known as a wheel (the deseription
of which is apparent from this name), which has an cven number of edges, s
not produced by the method and must be added to the collection il s + 1 is
cyven.

The method and the program are given in detail in Duijvestijn’s thesis
of 1962 [43]. This involved the problems of the representation of the graphs
for use by the computer, generating new graphs from the old ones, gencrating
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dual graphs, and testing the large numbers of graphs obtained 1o eliminale
duplicates and equivalents.

The c-nets having been obtained, a progrum was also developed for
generating and listing the squared rectangles derived from cach c-net. Only
those through order 15 were listed at this time ; later, the perfect ones through
order 18 were also listed [47). Table T gives the number of simple perfect
rectangles through order 18.

TABLE 1
Numther of Simple Perfect Rectungles

Order Number Order Number

9 2 14 T44
L] 1 15 26
1] n 16 Hle
1’2 67 17 31427
13 213 1] 10384

One reason for systematically generating squared reclangles, us has been
stuted, is that if the sides of any turn out to be equal, a squared square is
obtained. Duijvestijn’s thesis was also concerned with this problem. Squared
rectangles produced from the c-nets through order 19 were tested for equal
sides. The c-nets of order 20 were also generated, those whose complexity
showed that a square was not possible eliminated, and the remainder wilized
for gencrating the squared rectangles and testing for equal sides. No perfect
square resulted; there were 101 simple imperfect squares of orders from 13 to
19. The computer time was great; a matier of 30 hours is mentioned in con-
nection with the operations dealing with the c-nets of order 20. (See last
paragraph.)

One by-product of this construction of complete sets of c-nets up to order
19 was the revival of Euler's problem of enumerating the combinatorially
distinct convex polyhedra. As has been stated, the c-nets are 3-connected
planar graphs. These are isomorphic with the graphs (vertices and edges) of
convex polyhedra and it can be said that simple perfect squared rectangles
are produced from convex polyhedra by means of Kirchhoffs laws relating
to eleciric currents. The convex polyhedra with up 1o 19 edges were now
known; previous results, which had not gone this high, could be checked. and
further results produced. (An account of the enumeration problemisin[71].)

Tuue's popular article in the Scientific American and 1ts reproduction in
book form [36] inspired an unknown number of people to work on squaring
rectangles and squares. One result was [45), which summarized known
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methods of constructing compound perfect squares and introduced a new
method. This was o first construct squares divided into unequal squares and
one rectangle (deficient squared squares). These can be constructed casify;
by the theoretical method of [ 217] simply by letting the resistance of one wire
be unknown and imposing the condition that the resultant dissected rec-
tangle have equal sides. This then fixes the unknown resistance, the value of
which gives the ratio of the sides of the rectangular clement. However, the
paper used the patterns of the squared rectangles (perfect and .lmper!'ml
given in [38], by assuming onc clement to be u reclangle, the sides of the
dissected rectangle 1o be equal, and then recalculating the elements, as being
simpler for work by hand. Then a perfect rectangle, simple or mm;_:-numl. w0
fill the rectangular space was sought from the catalogue [38], which has a
table arranged by ratio of sides. In this manner a large number of new com-
pound perfect squares of low order (defined as 28 or less) were found, in
addition 10 known ones. The lowest new oncs were two of order 25, one of
which is shown in Fig 9: note that in this one a compound perfect rectangle
wits used. Duijvestijn, who had a prepublication copy of the paper, program-
med the method for the computer but did not obtain any perfect square
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Figure 9 Perfect squars from [45]
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under order 24 (private communication). The paper mentions deficient
squared squares with two (or more) rectangles, but only one such perfect
square of low order was found.

Compound perfeet squares of medium or high order can be produced in
profusion [51], by hand or by computer, and there is little interest now in
merely multiplying the number. As has been stated. there have been attempts
to lower Willcocks'record of the order 24 square, unsuccessful asto compound
perfeet squares. The latest attempt in this area is in the two papers of Kaz-
arinofl and Weitzenkamp [67, 68], who show that there is no compound
perfect square of order 21 or less. They used a graph theory approach and the
treatment is too involved to attempt a briel deseription. A good deal of the
work of the Duich group, generating c-nets and squared rectangles by
computer, was repeated, and additional work was involved in the procedure
for searching for compound squared squares, No results of perfect squares
actually produced are mentioned. A number of simple perfect rectangles of
reduced side ratio p/g with p + g < 30are described ; there is one of order 17
with side rutio 3/5 and one with ratio 5/7.

The basic paper of Brooks, Smith, Stone, and Tutte tackled the problem
of simple perfect squares. These, as has been indicated, do not include a
squared subrectangle in their structure. A highly theoretical method was
developed, utilizing 3-pole nets satisiving certain strict conditions, by means
of which a simple perfect square of order 55 (side 5468) was produced [21, 26].
Brooks managed 1o obtain a simple perfect square of order 38 (side 4920),
described in [32] and illustrated in [34]. By a clever modification of the
manner of connecting the basic nets, Willcocks reduced this square 1o onc of
order 37 (side 1947), described in [43] and [45]. Relaxation of the condi-
tions and utilization of some rearrangements enabled the production of
simple perfect squares down to order 31 [53a, 54], but this is probably the
lowest order possible for this particular theoretical method.

The consiruction of simple perfect squares is the subject of Wilson's
thesis [56]. A novel method is used which is explained by the simplest
example. Two p-nets are connected in parallel, that is, the poles of one are
made 1o coincide with the poles of the other, forming a new p-net with the
number of wires the sum of the number in cach. The complexity of the new
p-net is calculated (the unreduced horizontal side of the rectangle from this
p-net) and also the potential drop between the poles (the unreduced vertical
side of the rectangle); these two numbers are to be coprime. The complexity
is written in the form kn?, where k is an integer free of square factors. Since nt
is to become the reduced side of any squared square produced, it s to be
greater than 53 as it was known that any simple perfect square must have at
least 20 elements. The key requirement is that there must be a pair of vertices
a and b such that the potential drop between them is divisible by &n, Pairs
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of p-nets satisfying the above requirements were sought by computer. The
basic p-nets used were those for the perfect squared reclangles up Lo order
15 in Bouwkamp's catalogue [38], excluding those having a reduction
factor.

In cach of the admissible new p-nets, the vertices a and b are taken as
poles and a squared rectangle formed from il with these poles. lts honzontal
side (unreduced) will be kn? (the number of spanning trees of the graph is
independent of which vertices are Lo be designated as poles). The theory
developed by Wilson from graph theory considerations shows that the vertical
side of this squarcd rectangle will be equal to the horizontal side, or some
multiple of it (no multiples occurred in the work).

In this manner Wilson obtained 5 simple perfect squares of order 25, and
24 of order 26. It may be noted that each of these can be scparated into two
squared hexagons, which follows from the method of construction, as is
apparent in.Fig. 10, reproduced from the thesis.

Other combinations of two basic p-nets, with 1, 2, or 3 added wires, were
utilized. and also different orientations of the basic p-nets. Any combinations
which would have more than 26 wires were excluded initially. An incidental
result was the production of simple squarcd square cylinders (height cquals
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Figre 10 One of Wikon's five simple perfect squares of vrder 25,
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circumference). If the two new poles a and bare not part of the same mesh, the
result is a squared cylinder rather than a squared square, as indicated in [21].
Thirty-one simple perfect squared cylinders were found, of orders 24, 25,
and 26.

Table 11 gives the number of perfect squares of order 31 or less known
up to 1978. The 25 and 26 order simple squares included Wilson’s 5 and

TABLE 1l

Number of Known Perfect Squorcs to Order 31
(1977

Order  Simple Cmpd|  Cmpd 2

24 I
25 ¥ 2
26 b 1o |
n ] 19
k. | Lk} 4
b, " 1
30 19 14
H 4 W 1

24, respectively; the others, as well as the 27 order ones, were derived from
some of these by a method of partial dissections and recombinations of
portions (described in [$3a]). The number of compound perfect squares, with
one (Cmpd 1) or two (Cmpd 2) subrectangles, are from [51]; the note
indicates the sources. The 26 order one with two subrectangles (Fig. 5) is
probably the lowest order with two subrectangles possible. No squares with
three subrectangles appear in the table as the lowest order one found is of
order 38. A simple perfect square of order 21 was produced in 1978 [73].

The present status of the subject of dissecting rectangles and squarcs into
unequal squares is indicated by the review which has been made, in the text
along with the Bibliography.

As to gencral theory, we are very little bevond what was developed by
Brooks. Smith, Stone, and Tutte in their series of papers,

As Lo simple perfect rectangles, it has not yet been shown that any given
rectangle with commensurate sides can be divided into unequal squares in a
simple manner. The general method of producing simple perfect reclangles
could be characterized us building up rectangles from unequal squarcs, as
originally put by Moron. If a simple perfect rectangle with a given ratio of
sides does not appear in the systematic building up process to the order that it
has been carried, then special methods for the particular case need to be
devised, as in the case of simple squares and the 2 = | rectangle [63, 64]. The
results obtained would necessarily appear in the systematic process if carried

e ———————————
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further to a sufficiently high order. Proof of the general Fmposi!inn. which is
indicated us plausible in [217, would have to be theoretical. -

With respect Lo compound perfect squares whichdcpcn:.t upon availability
of perfect rectangles for their construction, it hias been positively shown that
there are none below order 220 The work of the Dutch group may have
bettered this result, but it has not been assembled and described so as o
constitute any proof of a minimum. [t remains to be proven whether or not
there are any compound perfect squares of orders 22 and 23.

Several methods of producmg simple perfect squares b“y computer have
been devised. Wilson's method has been described: he introduced some
unnecessary limitations to shorten the work and henee it cannot be said that
his method is incapable of producing simple perfect squares below order 25,
Reference [64] mentions but does not describe a computer program used l'qr
producing simple squares: no perfeet ones below order 25 were round_by this
method (and another unpublished program), probably because of failure to
include a sufficient range of data. What might be called the brute !'fm::
method, constructing all the simple perfect squared rectangles up lo a given
order and testing them for equalily of sides, was carried out by Duijvestijn
through order 19 in 1962 [43]. Reference [70] indicates the d-evchpmcr]t ol'
faster methods and an intention to carry on the work beyond order 19. This
was done, with improvements in the methods, and a simple perfect squn:ctlal' :
order 21 produced in March 1978 [ 73], The square isshown on 1hcv..:1fv:ru'll'_&hfl
book. There are none below order 21 and only one of order 21, Duijvestijn is
now in process of deriving order 22 simple perfect squares but results have not
yet been published.

Note This paper was delivered and in press before publication of
Duijvestijn’s order 21 square. Changes reflecting this fact were made in the
proof but had 10 be kept to a minimum. New references | 354, 58u, 6%, 71,
72, 73] have been added.
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in the text amd in some other instances adding 1o what is saed in the text:

I Max Debn, Uber diz Zetlegung von Rechtocken in Rechitecke, Math, Ann, 7 (1903)
34 332

See teat for comment. Cited in [$, 7, 10, 11, 14, 17, 21, 35,40, 41, 5K, 68],

= Sam Loyd, " Cyclopedia of Purzles,” Privately published, 1914 (not seen); The Patch

Quilt Pussde, reprinted in ** Mathemathcal Purzles of Sum Loyd, Selected and Fdited by
Martin Gardaer,” Val, 1. pp. 73, 147 145 Dover, New York, 1959,
A square guilt made of 169 square patches of the same size i 10 be divaded into the smallest
numher of sguare pieves by cutting akong lattice lines. The answer, 11 squares with sides
LL2 223 34,6, 7, is neither perfact (tqual squares) nor simple (adjining equal
squares form a subrectangle). Gardoer states that this puzzle first appeared in 1907 in a
puzele magazioe edited by Sam Lovd, Referred to and illustrated in [6]

L Henry E. Dudeney, Purzk 173, Mrs. Perkin’s Quile. ~* Amusements in Mathemanics,” pp.
47, 180 Londen, 1917; reprinted, Dover, hew York, 19358, Puzde repninted én Dudency,
=536 Purrles & Curous Probkems.™ (Martin Gardener, od ), e 120, 124125 Dowver,
New Yook, 1967
Same peoblem as i [2]. Soe comments by the aditor and in (53]

4. Henry E. Duideney, * The Canterbury Puzzkes and Other Curious Puzzhe ™ Isted. Lomdon,
1907 (not seend; dthed., 1919; reprinted, Dover, New York, 1953,

Puzzic 40. pp. 66 67, 191-193, requires the dieection of a given square o |2 unegual
squarcs aod ore ractangle, the dimensions of the laner being given. This s the pusrk
referred 1o by Tutte in [36] as sparking wme of the work there described

S Zbigaiew Mored, O rozkinduch prostolatow na kwadraty iOn the dissection of rectangle
It sguarea), Praeglod Mae, Mz, 3(1925) 152153,

Soe et A manusoript English Language transdation (hy Michael Grinkdbeig) of 1his Polish
Papet is available from the author. Cited in [10, 12, 21, 28, 35, 43, 35, Sh, 58, 6, 6%, (4]
T am indebted to Dy, Stanislaw Dobrrycki of Lublin, Poland, for oblaining information

wonceming Moron, The folkowing s quoted from a letter 1o him by Prof. Wisdyslaw
Crlicr:

“fbigniew Moros was my vounger sehoolmate when sludyving mathematcs at the
Unmversity of Lwdw: ahout 1923 24 we were both Jumior assastants in he Institute
of Mathematics. Professor Stanilaw Rusewicz (who was then professos of -
matacs at the University) communicated (o us the problem of the disscction of a
rectangte into squares. He bad heard of it from the mathematicians of the Universily
Krakow [Cracow ] who ook interesi in il As voung men we enthusastically sngagped
oursclves in mvestigaling this problem, byt after some time wi all camie 1o the con-
cluson that it was cenainly ax difficult as many other apparenily simple guestions ia
number theory. The examples found by Moron were 1o us a preal surpise. Before
the Workd War Il Moroh wus a tescher in secondary swhooks . after i he was too, and
dweh in Wiadow, where be died some $ VEurs ago,”

Maored was born a 1904 sad disd in 1971, Dr, Dobraveka has tramdsied the Tollowing
Trom: a later paper by Moron (Mo, 3% or 35A):

“In the years 1925 23 | found further resulls in this domain; amoag others | proved
that it s impessible to construct a reclangle with less than 9 different squares: | abo
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kiew of the dissection of a square which was later given by Sprague [No. 15], hever-
theless 1 did not publish them, but only exposed them at meetings of Lhe mathematical
serminar of Professor Rusiewicz ™

M. Kraitchik, = La Mathcmatique des Jews ou Reévréations Mathématiques,” p. m
Stevens [réres, Brussels, 1934,

Aller gnving the ligure of Sam Loxd's puzzk [2] Kraitchik states, * But 11 1s nol mr-‘hle
Lo docampurse @ given square inlo a finite number of squares po Lwoegqaal This PrOpostin
though not demonstrated appears to be true. It was commumicaiod to us by Monsieur
Lasan, prolessor at Maswow,” The next edition. in English {1942, gives an example (from
[20]5 and states that the problem was “long thought w b impossible.” Cited in [14, 20,
21,25, 40, 5%, 63] :
A Schoenflics and M. Dehn, Ungeldste Problene der analytischen Geomelri, i ™ Fine
fihrung in the analytische Geometric der Chene und des Raumes,” 2nd ed.. Appendix
VI, pp. #2411 Spanger-Yerlag. Berlin, 1931

Irchsdes parts of (1] Cited in | 10, 14, 21, 25)

Michio Abe, On the problem 10 cover simply and withoul gap the inside of @ square with
2 finste number of syuares which ars all ditferenl (rom one arother (in Japanesc), Proc.
Phyv.-Muth. Soe. Japan 4(1931) 359 Mb,

This paper, in Japancse, was unknown to workers in the fickl until just u lew years ago
ansd henee is not treatad in the teat. The results are surprising [or the time. Abe atiempled
1o obaim 3 perfect square by the method of combining two simple squared rectangles of
the same size, He construcied over 600 aumple perfect reclanghes. of which six are de-
scribed by illustrations, Whik be found one pair the same 82z, two 68 = 40T reclungles
of order 13, the resubtant squared square was imperfect. His 10l for rectangles of vrder
13 was not complete and he missed ihe pair which gives perfect results. He also tried
another method, noted under [45], but again with no success, His manncr of druwing the
squared reciangles sugpests that he may have known Moran's paper 18] Cited in [¥).
Michio Abe, On the problem to cover simply and without gap the intide of a syuare with
a finite pumber of es which are all different from one another lin Enghsh), Proe.
Phys.-Math. Soc. Japan (3) 14{1932) 385 387,

See text. Applhcations of the method ars in [20] and [49] Cuad in[14, 17, 21, 38, 58]
Jaremkewyce, Mahrenhole, and Sprague, Answer (o Froblem 1242, Z. Marh. Natur-
wiss, Unterricht Schulpattusgen 68 (1937) 23; Proposed in 66 11915) 251.

See text. Cited in |14, 15, 21, 58],

H. Tocpken. Problem 242, Jhee, Dewrseh. Marh, - Verein. 47, Pant 201937 p. 2

Relates to [1]. Cited in [14, 21]

H. Stsinhaus. ~ Mathematical Seapshots,” 151 od., pp. 8. 9. 131 Stschent, Now York,
Laiprip. 1938,

Ciives assembling a reciangle {rom mne given unogual squdres asa prodlem, citing Morea
for the solunion, Ciied in |13, 20, 21, 58]

$. Chowls, Division of a rectanghe into unegual squares, and Problem 1779, Math Stescdent
T (1939) 6970, 80

Solves the trivial problem posed by Steinkaus [12). A separate item, Problem 177, 4
“ I is possible to divide the volume of a fectangular paraliclopiped ialo un:quitghu‘.“
An ehegant prool of the impasmibility 1quodted or paraphrased many Wmes, ¢ g, in [
s given in [21] Ciied in [20. S8, 68].

Allred Stohr, Uber Zerlegungen von Rechiccken in inkogrusnie Quadrate, Schr, Math,
Inst. Inxt, Angew, Matk. Univ. Berlin 4, Past 5 {1939) 118-140.

Dissertation, University of Berlin, Herhin, 1938, Cited i [15, 17, 21, 35, 40, 58],
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K. Spragee. Bebpiel civer Zetlegung ks Quadrats in lawter verschiedene Quudrate,
Marh, 45%11939) 607 08,

Seetext, Cited in (17, 15, 20, 20, 32, 35, 36,40, 41, 45, 48, 30, 52, %3, 56, 58, 66 69)

A, H. Sione, Problem E401, Amer, Moth, Mondhly 47 (Jan, 1940) 48,

The first part of this problem lists the sides of 28 diflferent squares and asks that they be
titted topether 1o make u singhe squaze of side 1015, This is in etfect a publication of the
perfect squared square (illustrated in Fig. $) since the assembling is trivial, The secomd
part asks if there » any simpler perfect squared square. Cited in |20 (solution): 21, 32, 58]
R Sprague, Uber die Zethegung von Rechtecken in bister verschiedene Quadrate, J. Reine
wonerew . Mrefe, 182 11940) 60 04,

Sce [18]. Cited in (19, 21, 32, 34, 35, 40, S8, 68),

K. Spraguc, Zur Abschiloung der Mindostzahl inkoagroenter Quadane, dic cin gegabenes
Rechiock awmfdlien, Mark. Z. 46 (1940) 460 471,

Spraguc proves the theorem that any given rectungle with commensurate sides can be
dissected into unequal squares (in 3 compound manner). The method requires initial
knowledge of two perfect squarcd rectanghes of the same sire with no two squares alike,
which b gives in [ 15), and is explained here by thes example. The ratio of the sides of cach
squared rectangle of |15, call them R, and R, is 13t 16, Magnily B, by 16 and R’
by 13 and poan the two by the now egusl shon sade of coe and the long side of the other,
formung squarsd rectangle B, with 53 ckmenls and live subrectanghes, and wsdes
il 625« 30160, Now magnily &, by 13 and R," by 16 and form squared rectangle By
R, and R, are the same siee and have no two like elements and form perfiect square 8,
which has 108 clements and ten subrectangies. 8, (the perfoct square of [15]) and 8§, do
not have any hke clements when brought to the same sare, Inu amilur manner square 5
iwith 214 chements and 20 subsectangled) s formed Trom B, and By", and s0 o0, fosmg
n senes of porfoct wuares with no like clemenis when brought o the same siee, The
rectangle to he disectad, with sudes moand &, say, s divided into men unit squares and these
are Hlked with me perfect wquares from the senes. The result would be very highly com-
poundad, 2 * 3 roctangle, for cxumple, dwsected m this manoer would appear o
have 3351 clements und contain 315 subrectangles. A ditferent and more clegant prool,
utilizing graph theory, but stll resulting in very high compounding. is in [21] Cited in
[20, 32, 34, 35, 40, 59]

11, Reichardt and H. Tocpken, Solution o Problem 271, Jher. Deursch. Math, Verein, 50,
Pagt 2019400, pp. 13, 14, {a) Problkem poscd in 48, Part 2 (1929) p. 72,
Shaws that there is no simple perfect rectungke los than order 9 and gives the two of
order 9. A different prood is in [20]. Cited in [21 (2 oaly): 58]

Michacl Goldberg and W. 1. Tutle, Solution of Problem E401, Admer. Math, Monthiy 47
(Ot 1940) 370 572

See |16) Goldherg solves the frst part and gives some discussion. Tulle solves the second
part by refernng w the 26 onder perlect sguare e appear in the forthcoming paper (Fig. 6);
he abw deswribes another perlect square of order 28 by listing e chements, There s an
added sdivorial nete, Cited in |20, 13, M, 36, 45, 58],

R. L. Brooks, C. A B, Smath, A, H, Sione, and W. T. Tuitz, The disection of reclangles
into squares. Duke Maih, J. 7 (1940) 312 340,

See teal. Also referred to i the notes Lo [6, 13, 18 20, 54, 39) Cred in [25-27, 30 38, 40,
41, 44 46, 48, 50, 52, 55-3%, 61, 63, 65 69]

Science Service, Science in 1940, Mathemaltics, Scoence 92, Suppl. 14 (19405,

Lists the division of a square inlo 4 finite number of smalker wquares no two the same size
as onc of the achievements of 1940, Cited in [M, 45)

H. Toepken, Problem 294, Jher, Deuisch. Mach, Verein, 81, Part 2 (1941) 2
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Michacl Gokiberg, Squaring the square, Wadkingron Sclentin 11945 76,

IMscussion of problem andd report of a talk by A, 1L Stone before the Philosophical
Soviety of Washirgton, March 31, 145,

C. ). Bowwksmp, On the disssction of rectangkes into squares, Puper |, Kowink{. Nederl.
thid Werennh Proc, Ser. A 49 11946) 1172-1185; Papers 11 and 111 50 (1947 S8-71,
T2-78
Soe tear. Ol in [26, 27, 30 34, 36 18, 40, 44-40, 54, 5K, 61, 62, 65]

R L Brooks, C. A, B Smith, A H. Stone, and W T, Tutle, A simple perfect square,
Rowinkl, Neder!. Akaad, Wetenseh, Prov. Ser. A S0 (1947) 1300 1301,

Giives the details of the lirst simple perfeet wquware, of order $5, referred 1o in [21], Ciiad in
[32, 3, 45, 55, 8],

C. ). Bouwkamp, On the coastructon of smpke peifect squared squares, Komoekd, Nederl,
thad, Wesewsck, Proc. Ser. A S001947) 1296 1299

Rvieos Section # of [28), gives the detnth of anolber simple perfect square, of onder 55;
correvts & Tew munor errons e [25] Cited in (32, 36, 45, 58, 64])

T. H, Willencks, Problem 7520 und solution, Fasry Chess Rer 601947 1948) 114 1Dec);
123 (Feh.)

Redmcovery of the peilect square of |16, 20 Cited in |29).

T. H. Willoocks, Problom 7798 and solutinn, Fairy Chexs Rer. 7 (1948) 97 (Aug.): 106
[LE W]

Ser test Cived in [32, 33, 36, 41, 43, 45 48, ), 52, 55, 57, 3B, 66 6R]

W, T. Tulle, A nolc on o paper by C ). Bouwkamp, Kemink! Nederl, Akad Wetensoh,
Proe. Ser. A 51{1948) 250 228

Comiment on a point in |28, 1],

C A B Smith end W. T, Tuile, A class of self-dual maps, Canad. 1. Mach. 2 (1950)
179 s,

Scc tewn. Cied 10 (32, 34, 36, 56, 58]

W. T, Tutte, Squaring (e square, Conad. 2. Math, 2 (1950) 197219

Soc tewi. Uried in |33, 34, 36, 30, 45, 46, 52, 54, 56, 56, 61, 61, 67, 6X].

T H. Wilkocks, A note on some perfect squared squares, Comad. 1 Misth, 3 11951)
W - M

See tewl, Cited in [41, 45, 86, 45, 49, 42 <456, 5K, 67-649]

Michuel Gokdberg, The squaring of developable surfsces, Scvipia Math, 18 (1952) 17-24,
Greneral discussion with nontravial sxamples of sguared cylinders aid cones, and a Mibius
strip. Cited in 40, $6. S¥]

Zhigniew Moros, Orarklsdach prosiekatow na nicrowns kaadraty (in Polish), 0 dadom,
Mar 420 11955 1956) T5-04

Faienuve review arbicke (ol read). Cited in |50)

Ihigrew Morof, O prawke Jdoskooalych rozkiadach prostokaww 10n almost perfeet
disseviions of rectanghes). Wiadam. Mai. i2) 101955 19563 175179

Mt szen,

W. 1. Tuue, Syuaning the square, Scf Anaer. 199 (10SK) L36-142, 166, Reprinted with
sdldendum and enlarped bibliagrapay in Martn Gurdner, * The 2nd Scentific Amencan
Book of Mathematical Puzzles and IMvereom,™ pp. 186 309, 280, Simoa & Schusier,
Bew York, 1961 also paperbaci edion,

Sec texnt, Ciad in |45, 32, 54, 47, 600, 61, 64, 67, 68),

) Bouwlkamp, A 3. W, Duipvestibin, and P Medoma, ~Catalogus of Simple Squarsd
Rectangles of Ovders Mine throogh Fourteen and their Plements” Techmsche Hoge-
school, Findboven, Netherlands, May 1960, 50 pages

See text. Cited in [ 20, 38, 43, 45]
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C. ) Bouwkamp, A, 3 W. Dujpvestijn, and P Medema, * Tables Relating o Simple
Squared Rectangles of Ondens Nine through Fificen. ™ Technische Hogeschool, Eindhoven,
Netherlands, Aug. 1960, 360 pages.

Se teal, Reviewed in [41]. Cited an [36, 41-45, 45, 49, 52, 95, 56, 62, 65 69).

. ). Boywkamp, A. ). W. Duipveatipn, and P. Medema, Tahle of c-ncts of Orders §-19
Inclusve, 2 yols. Philips Rescarch Laboratones, Eindboven, Netherlunds, 1960; un-
published, availablz in LMT fike of Mathematics of Compulation.

See teal. Described in [62)

Herbert Mechbowski, Die Zerlegung von Rechiecken in inkongricnte Quadrate, in
“Unpekinie und uniisbare Probleme der Geomelne,” pp. 92-101 Vieweg and Soha,
Braunschweg, 1960, English translation, The decomponilion of rectangles into Incon-
pruent Squarcs, & ' Unsolved and Unsolvable Problems in Geomeiry,” pp. 91-102,
164-165. Oliver und Boyd, Edinburgh and London, 1966,

Cited in |50, 8, 61).

Michacl Goldberg, Review of [38], Marh, Comp. 1S(1%1) 315

Cited in [45)

W. T. Tutte, A theory of 3onnected Graphs, Komink! Nederd Abad Wetensch, Proc
Ser. A 64 (1961) 441455,

Soe teal. Cited in [43, 48, 52, 54, 68].

A, )W, Dujvesijo. Electroniv computation of squared rectangles Dissemation, Tech.
nche Hopeschool, Eindboven, Netherlands, 1962 abuo in Phifips Res. Rep. 17 (1962)
$23 612,

See teat, Cited in [45. 48, 52, 54 56, 62, 67, 68, T0]

W I Tette, A census of planar maps, Comad. S, Marh, 15 (1962) 249-27)

Develops formulas for caleulating the sumber of *rooted ' c-nels which cun also be usad
for estimating the number of simple perfect rectangles with & given number of lements,
abo descnibed in [48].

P 4. Federicn, Nate an some low -order peifect squared squares, Camad £, Mack. 18{1961)
150-362.

See teal. Gives the lull descnplion of 35 low order squares, M of them new 1 The method.
desoribed in the text, tumms oul not Lo be entircly new as Abe in e unknown Japancse
paper (8] distortad some perfect rectangles Lo form a squared squars with one rectanghe,
hut ohtained no results as he oaly applied the method Lo perfect rectanghes with vees
differing by one ) Cited in [45, 49, 52, §5_ 56, 67 69],

5. L Basin, Greneralired Fibonaco sequences and squared rectanghes, Amer Mk
Moathly TO(1963) 372 379,

A series of squares with sides according 1o the Fibonaco senes can be ammanged in a
rectanghe; i1 i compound and also imperfect as il has two adpinmg equal squares of
sedde vne. Crted im [44, 58]

C. ). Bouwkamp, A. 1. W. Duipvestyn, and ). Haubich, Catalogue of Simple Perlect
Squared Rectangies of Orders 9 through 18, Phalips Rescarch Laboratories, Eindboven.
Netherlands, 1964 junpublished, 12 vol., 3090 pp. hsting 154,490 simple squared rec:
tangls).

See tet, I would take over 600 volumes the same sire Lo list the simple perfect reciangles
of orders 1910 23, Cited in [62, 65].

W. T. Tette, Squared rectanghes. Proc. IHA Sei. Svmp, Combivazorial Prodizms, Thameas
J. Waisom Rescorch Center, Yorkioan Nelghes, N.Y. (1964) 3-9,

Review anikhk with discussion, anacunces amd illustrates Wibon's first 15 order ample
perfoct aquirs (o0 | 56]). Cited in [68]
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P 1, Federion, A Fibonaccl perfoct squared square, Amer, Motk Mosthly T (1)
M S0

A Fibonucc rectangle (soe [46]) is Tound watk which a comy i perfect g i [
Iy rereaonving The comer unil square and combining with & simple porfect rectangle. Cited
in [56].

L'Udowit Vittek, A perlect decomposition of the wquare into 25 squares (in Skovak),
Aar. Fyz, Cauwpis 1411964) 234235,

Rediscovery of a perfoct square published in [45]

P ). Foderice, List of Perlect Squared Squares, 119 pp.. May 1964, Supplement, 40 pp.,
Aug. 1971

Munuscript catabogue of over BN compound perfect squares ; includes pablishad squares,
and unpublithed ones derived by Bouwkamp, Federico, Willeocks, and E Laiper. Listed
here. as copres were distributed. (Lainez is a Spanish metallurgacul enginecr wha read the
French tramslation of |3] and, without the aid of a catalogue of rectangles. constouted
his own stock and derved 3 number of new pesfect squares of low order, including the
first one in which the subrectangke s nocessanily on a side of the square imdead of in a
coOTmer.

W. T Tute, The Quest of the Perfect Square. Amer. Math, Monthly T2, Part 1l (1965)
9 15,

Review ariicke with discussivn. Cited in |54, 60, 61, 67 69),

Martin Gardaer, Mry Perkins’ Quilt und other square-packing prohlems. reprinted
with scklitions from Sei. Amecr. 205 (1966) 264 272, 216 (Jun. 1967) 115-121; in Mamin
Gandner, = Mathemutical Camival,” pp. 139 149, 272, Knopl, New York, 1975

Includes the problem: Can 24 squarcs with sides § 1w 24 (ihe sum of wheoss squarcs eguals
707 ) be assemblad into a square of side 707

P 1. Federico, Note on Some Simple Perfect Squares. 22 pp., March 1967,

Manuseript paper; listed here as copics were distributed and resulls are referred to in
[S4)and [69)

T, H. Willcocks, Some squared squares and revianghes, J. Combinatorsat Theary 3 (1967)
8456

Tulle says in [69], “The two Last-mentioaed asthon (Federico and Willeocks) have
modified the thevretival method (of [21]) 1o obtam stmple perfect squares of ordems ranging
down to M, Cited in [55].

W. T. Tutte, Topss in graph theory, & = Graph Theosy and I heoeetical Physss.” (F.
Harary, «d.), pp. 301 N2 Academic Press, hew York, 1967

Jobs C. Wikon, A methed for finding simphe perfoct squared squanngs. Ph.D. Theus,
University of Waterkoo, Waterloo, Ontanio, 1967 (30 pp. plus 72 pp. computer outpat).
See teat.

G, I Morley, Networks and squared squares, Kuredu (1, drchimedeans, Cambridas Unir,
Math, Soc.) No. 30, Oct, (1967} 13 16

A highly mgenious method of constrscting simple perfoct squares of high order. 60 or
above, from spocially related pairs of squared rectangles, discovered by the author whilke
in high school

1. M. Yaglom, ** How to Divide a Square” tin Russuan). Rauka, Moscow, 1964,

The first and only book on the subjeet; coatains some new materal (nol read) The hib=
hography includes three Russian itemx {not scen) which appear to mercly show a known
perfect square. Ciied in [65]

r

$8a. P ). Van Albada, La dssection du carné en carses, Bl Soc. Muik, Belg. 2019683 161 170,
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Mark Kac and Staniskaw M, Ulam, * Mathematics and Logic,” p. 32 Mentor paperback,
wew York, 1969,

The chectracal analogy 1ol [21]1 ated as an “illustration of the remarkable amd wholly
uncapecied connections of which mathemauos o full.”

Sherman K Stein, = Mathemutis. the Man-Made Lniverse,”™ Ind od. Frocman, San
Francton, Cahfornia, 1969; Md od., 1975

Chapters 7 and 8 give an interesing clementary expositon of “iling ™ a retanghk with
unegual squares. Cied in 6]

Rions Honsberger, Squaring the square, m “Ingenuity in Mathematics.” hew Mathe-
matical Library, Mo 23, pp. 46-60. Random House, New Yorl | now by Math Awsoc,
Amer ., Wushington, D.C |, 1970,

€ 3 Bouwkamp, Review of [39]. Math, Comp. 24 (1970) 995 997,

R. L. Brouks. A procadure for dissecting a rectangle into squares, and an example for
the rectangh whise sides are in ithe ratio 310 Combinarorial Theoey B(1970) 232 243,
First solution of the problem “ to ind a simpke perfoct rectangle whose horizontal ssde
is twice the vertical side ™ [36]. The solution has 1323 ¢lements. Cited in [64. 68, 69]

P. ). Federico, Some ample porfees 2« | rectangles, J. Comlimaforind Theary 8 (1970)
M4 Mk

Second and funher solutions of the problem of [63], 23, 24, and 25 order b
perieet rectanghes are shown, Cited in [67-69],

B 1 Hollands, Developing a problem, Maih, iv Feaching ( Amor, Traching Aclids in
Mah.) Mo, 50, Spring (1970) 6466,

Clementary introdoction (rom stamdpoint of prohlem slving and teaching.

1. Beuwkamp, On wme specil squared sectangles, 4. Combinationa! Theoer Sor. B 10
L1971 206 210,

Discusses simple perfect rectanghes having the propeny that the set of clements can be
amranged in two different ways forming two dissections: lids 58 examples. Cired in [68],
Howard Fves, "A Survey of Geomerry,” Rev. ed.. Vol 1. pp. 229 231 Allyn & Hacon,
Roston, Massachuetls, 1972 19 od., 1963

Lastend to show the i haoon of the subgeut 1o a textbook on peometry.

K. D. Kazarinofl and R. Watrenkamp, On cxstence of compound perfect squared
squares of low order, J. Caombmuarerad Theory Sev. B 1401973 163 179

See teat, Cited in [68].

N1, KarminedT and R Weitzenbamp, Squanng rectanghs and squares, Amer. Maik
Momthd'; BO (1973) 377 K38,

Ser teal.

W W Romse Hall and 11, S, M. Coxeter, = Mathomatical Recreations and Beouys” [2th
e, Univ. of Toroate Press, Toroate, 1974; abo in paperback.

Soction on squared rectangles and squares contnbuted by W. T. Tutte

Lsone] March and Philip Steadiman, Ekxtrial notworks und mosais of rectangles, is
“The Geometry of kavitonment,” pp. 263 280 MIT Press, Cambesdge. Masachusetls,
1974

Application to archilectural design

AL W, Dujvestijn, Fast caloulation of inverse matnices sccurnng in syuared-rectanghs
cakulation, Philips Res Rep. 30 (1935) 329 339,

I J. Federon, The number of polvhedra, Phelips Res, Rep. 30 {1975) 22000 -231%,
Application 1o the enumeration of polyhedia, Figure 4 i reproducail (rom this aricle.
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72 Albernt A, Mullin, on arthmetic aspocts of peoicliic problems. Ami Mk, Noc. Nesices,
25 (kb 197H) A-227,
Saates several “Lemmas™ on the raturs of the integers fosming the side-lengths of the
clements of a perfect squarcd rectanghe. One of these is that the skdes cannot all be in
aritheetic progression. This sctthes the probiem mentioned woder [$3].

73 AL W, Dujpvestiyn, Sample perfect squared square of lowest ooder. J. Comina oo
Tisewry, B 25 (1978) 260 203; Seoo aley Sci, Amer. (Jane 1978) B6 K7,
See lost paragraph of texe
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Courtesy J. A. Bondy

W. T. Tutte



